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ABSTRACT
We have developed a fast method to design perpendicular permanent magnets for simplifying stel-
larator coils based on existing codes. Coil complexity is one of the main challenges for stellarators.
To date, only electromagnetic coils have been used to generate 3D fields for stellarators. Permanent
magnets provide an alternative way to produce the desired magnetic field for optimized stellara-
tors. In this paper, we revisit the concept of representing surface current using magnetic dipoles
and carry out numerical validations. A surface magnetization is proven to be equivalent to the sur-
face current that can be linearly solved by existing coil design codes. An incremental multi-layer
method has been developed to obtain a practical solution that is attainable with present permanent
magnets. With this method, we can reproduce a half-Tesla NCSX configuration using specially de-
signed neodymium magnets together with simple planar coils. It shows that stellarator coils could
be substantially simplified by adopting permanent magnets.
1 Introduction
A stellarator is a toroidal magnetic confinement configuration that uses external coils to produce a non-axisymmetric
magnetic field for confining the plasma. It is an attractive approach to fusion energy because stellarators have low
recirculating power and are free of disruptions. On the other side, the 3D nature of stellarators generally requires more
complicated coils than axisymmetric configurations. Complex coils are one of the main challenges for stellarators.
The dominant cost growth factors of the National Compact Stellarator eXperiment (NCSX) project were found to be
complicated geometries and the associated accuracy requirements [1]. Difficulties in fabricating and assembling three-
dimensional non-planar coils were also recognized during the construction of Wendelstein 7-X (W7-X) experiment [2].
In recent years, substantial efforts have been devoted to simplifying stellarator coils. Novel coil design methods, like
the straight out-leg coil designs [3], REGCOIL [4], coil winding surface optimization method [5] and 3D nonlinear
optimization code FOCUS [6] are developed. New numerical techniques using shape gradient [7], stochastic opti-
mization [8] and Hessian matrix method [9] are also proposed to better identify or relax coil tolerance. In addition,
integrated optimization on both plasma and coils is explored to find configurations with simpler coils [10]. These
studies are all concentrating on current-carrying electromagnet (normal or superconducting), as it is the only type that
has been used on stellarators to date.
Recently, the use of permanent magnets has been proposed to produce the three-dimensional component of stellarator
magnetic fields and simplify the required electromagnetic coils [11]. Besides electromagnet, permanent magnet is
the most ancient, and perhaps the most common, way to generate a magnetic field. Permanent magnets are used
in daily life, industries and laboratories. Advances in material science have brought new magnetic materials that
have relatively strong residual flux density (Br), e.g. the Nd-Fe-B magnet has been reported to have a record of
Br=1.555 T [12]. Although this is rather modest compared to electromagnets especially considering that the strongest
field outside the magnet is normally half of the residual field, special arrangements of permanent magnets, which
are normally called Halbach arrays [13], can generate a much higher field. For instance, a 5.16T magnetic field was
measured in a specialized permanent dipole magnet using Nd-Fe-B materials [14]. Such a field is higher than many
existing magnetically confined fusion experiments. The reason why permanent magnet might be of great potential
for stellarators is that it could provide a steady magnetic field without energy consumption and more importantly, the
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material is considerably inexpensive, which possibly leads to a significant cost reduction. On the other hand, this could
also be a disadvantage since the magnets cannot be turned off.
Designing permanent magnets for stellarators can be interpreted as the inverse problem for the Biot-Savart law, namely
how to determine the magnetization for a given magnetic field. It is the intermediate step between physics design and
engineering design. Therefore, a desired configuration should be provided as the target and only limited engineering
constraints will be considered during this step. For instance, the magnetization used should be attainable by present
material. In addition, permanent magnets are sensitive to temperature and will be demagnetized by neutrons [15], so
they have to be placed outside the vacuum vessel (as well as the blanket if needed for neutron shielding).
Ampere’s law states that
˛
C
B · dl = µ0Ifree +
˛
C
µ0M · dl, where B is the total magnetic field (magnetic flux
density), M the magnetization, C an arbitrary closed curve, Ifree the electric current enclosed by the curve. If C is
chosen to be the magnetic axis inside the plasma boundary, the magnetization part in RHS should be zero while the
LHS is usually non-zero in toroidal devices. This means that the free current through the hole of the torus (poloidal
current), Ifree, is non-zero. In other words, electromagnets (coils) are always required. This is not a problem as
we are not anticipating to using permanent magnets providing the entire field. Hopefully, stellarator coils can be
simplified by employing permanent magnets to provide the complementary 3D field. This idea was briefly mentioned
by Ku & Boozer [16], where they proposed using dipoles to contribute part of the magnetic field but wasn’t explored
further. Later, Boozer [17] pointed out that the single-valued part of the current potential can be interpreted as the
number of dipole moments per unit area. Helander et al. [11] introduced an approach that uses a curl-free ‘one-sided’
magnetization which is tangent to a toroidal surface. Together with planar coils, the specially calculated magnetization
can produce the required magnetic field for optimized stellarators. In this paper, we are going to numerically verify
that a surface magnetization from the current potential can generate the desired magnetic field. Furthermore, we will
introduce a multi-layer method to design optimized stellarators using perpendicular permanent magnets with finite
thickness and the maximum magnetization is attainable with present material technology.
The paper is organized as follows. In Sec. 2, we briefly review the least-square minimization problem of coil designs
and interpret how this would lead to a solution to surface magnetization. A multi-layer direct construction method
to find solutions that are practical to real magnet materials is also introduced. In Sec. 3, numerical validations are
carried out on a conventional rotating elliptical configuration to check the convergence properties. We introduced a
novel design with only TF coils together with perpendicular permanent magnets that produces the desired magnetic
field for a half-Tesla NCSX equilibrium in 4. We will summarize in Sec. 5.
2 Equivalent magnetization to surface current
2.1 Revisit of the surface current method for designing stellarator coils
Given the current distribution, it is easy to compute the generated magnetic field by following the Biot-Savart law. The
inverse problem is much more complicated. Pioneering work was done by Merkel [18] using Green’s functions with
the development of NESCOIL code. On a prescribed outer surface surrounding the plasma, a divergence-free surface
current density K (unit: A/m) is represented by,
K = n×∇Φ , (1)
where Φ is the surface current potential (unit: A) and n the unit normal vector of the current-carrying surface (winding
surface). The surface current distribution is calculated by minimizing the normal magnetic field on the plasma surface
(Neumann boundary condition),
χ2B =
¨
∂P
(B · n′)2 dS′ , (2)
where n′ is the unit normal vector of the plasma surface. Hereafter, primes are used to denote coordinates on the
plasma surface and the winding surface un-primed. In equation (2), the total magnetic field consists of different
components, B = Bplasma + Bfixed + BK , where Bplasma is arising from plasma currents provided by MHD
equilibrium codes, Bfixed from fixed external coils (like toroidal field coils) and BK from the surface current to be
solved. BK is calculated using the Biot-Savart law,
BK =
µ0
4pi
¨
∂C
K× (x′ − x)
|x′ − x|3 dS . (3)
Using Green’s function the determination of the surface current (current potential) becomes a least-square minimiza-
tion problem and can be solved linearly [4, 18]. Afterwards, discrete coils are cut by following the contours of Φ.
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The inverse problem is ill-posed. NESCOIL truncates a finite number of Fourier modes in representing Φ and NESVD
[19] uses singular-valued decomposition (SVD) while REGCOIL adopts a Tikhonov regularization over the surface
integral of the squared current density.
2.2 Equivalent surface magnetization to surface current
The vector potential produced by a surface current K is calculated as
AK =
µ0
4pi
¨
∂C
K
r
dS , (4)
where r = |x′ − x| is the position vector. Substituting equation (1) into equation (4), we have
AK =
µ0
4pi
¨
∂C
Φn× r
r3
dS . (5)
(Details of the derivation can be found in Appendix A.)
The strength of permanent magnets can be expressed by magnetization, M (unit: A/m), which is the quantity of
magnetic moment, m (unit: A ·m2), per unit volume. Suppose there is a magnetization with zero thickness, namely
a “surface magnetization”. The surface magnetization lies on the winding surface and its orientation is along the
surface normal. We can express the surface magnetization with a Dirac delta function in the normal direction, M =
Φnδ(s− s0), where (s, θ, ζ) forms a curvilinear coordinate system with s in the normal direction, θ the poloidal angle
and ζ the toroidal angle. The winding surface locates at s = s0. This surface magnetization could be discretized into
localized magnetic dipoles where the magnetic moment in each dipole is computed as
miθ,iζ =
˚
MdV =
ˆ
s
δ(s− s0) ds
ˆ
θ
ˆ
ζ
Φn
√
g dθ dζ = [Φn∆S]iθ,iζ , (6)
where ∆S is the area of the surface element. Here, we assume the magnetization is homogeneous inside each discrete
element and write the quantities in discretized forms. The vector potential produced by a single magnetic dipole is
computed as,
Aiθ,iζ =
µ0
4pi
miθ,iζ × r
r3
, (7)
where r is the position vector from the dipole origin to the evaluation point and for clarity we omit the subscripts iθ
and iζ . Following the ansatz of surface magnetization and discrete magnetic dipoles, the total vector potential from
the surface magnetization is
AM =
∑
iθ
∑
iζ
Aiθ,iζ =
µ0
4pi
∑
iθ
∑
iζ
Φn× r
r3
∆S . (8)
Equation (8) is essentially the discretized form of equation (5), which implies that a surface magnetization on the wind-
ing surface following the distribution of current potential and positioning normally will produce the same magnetic
field as a surface current density up to the accuracy of discretization.
With the surface current potential calculated by NESCOIL (NESVD or REGCOIL), one can easily obtain a surface
magnetization distribution that will produce the desired magnetic field required for plasma equilibrium. This only
requires solving linear equations, so it is fast and avoids trapping in local minima.
2.3 Permanent magnets with finite thickness
The surface magnetization can be well approximated by a thin layer of permanent magnets. But there is a technical
limit on the maximum magnetization that can be produced in a specific magnetic material. This is often expressed in
the form of the residual flux density (remanent field) Br. The dipole moment is calculated by the volume integral of
the magnetization, m = (Br/µ0)V . Therefore, to provide an equivalent amount of magnetic moment, one should use
a permanent magnet with the thickness (in the normal direction) of h = µ0Φ/Br. When using Nd-Fe-B magnets and
taking Br = 1.4T as being for inexpensively available material, the required thickness is determined by the value of
current potential with the formula h = Φ/(1.1× 106) meter.
In the above ansatz, we are using the surface magnetization result and ignoring the effect of thickness. It is a good
approximation only if the thickness of permanent magnets is much smaller than the distance from the magnets to the
plasma surface. This condition is not always satisfied, as the current potential varies in different configurations with
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different choices of the winding surface. However, it is still possible to obtain arrangements of permanent magnets
with finite thickness by using the following method.
Instead of using one single winding surface, we choose multiple nested surfaces labeled as S1, S2, · · · , SN from
innermost to outermost. For each surface, an additional constraint on the maximum current potential is imposed to
make sure the magnetization is within the material limit. For instance, Φm = 1.1 × 103A is the limit of the surface
magnetization for 1-mm-thick Nd-Fe-B magnet and 1 mm would be sufficiently thin to be approximated by surface
magnetization. Starting from the innermost surface S1, one can obtain a surface magnetization M1 that minimizes
normal field error χ2B in equation (2) subjected to the constraint Φmax ≤ Φm by varying the regularization term
(the Fourier resolution in NESCOIL, the number of SVD truncated terms in NESVD, the squared current density
in REGCOIL or the surface integral of squared current potential as in Appendix B). One can also solve the current
potential Φ1 normally without limiting Φmax and then truncate the current potential to Φm when extracting the surface
magnetization M1. Because of the constraint/truncation, χ2B might not be sufficiently small. The magnetic field
produced by M1, denoted as B1, is then calculated and considered as part of the “fixed” magnetic field. For the next
surface S2, optimal M2 is obtained with the same constraint/truncation and again the produced magnetic field B2 is
added to the fixed magnetic field. By incrementally adding more surfaces, the resulting χ2B will be lower and lower
until it converges (or below some allowable value). Therefore, we can obtain the distribution of magnetization for
permanent magnets with finite thickness, more importantly, within the availability of present magnet materials. The
multi-layer implementation using truncation is described in algorithm 1.
Algorithm 1 Obtain permanent magnets with finite-thickness.
i← 1
Φm ← Br/µ0 h, where h dplasma−magnets
Bfixed ← Bcoils
while χ2B > target value do
prepare winding surface Si
min
Φi
¨
∂P
[(Bplasma +Bfixed +B(Φi)) · n]2 dS + λχ2R
if Φi(θ, ζ) < Φm then
Mi(θ, ζ)← Φi(θ, ζ)niδ(s− si)
else
Mi(θ, ζ)← Φmniδ(s− si)
end if
discretize and calculate B(Mi)
Bfixed ← Bfixed +B(Mi)
i← i+ 1
end while
3 Numerical validations
To numerically validate the proposed method, we choose a classical l = 2 toroidal stellarator. The plasma boundary
is a two-period rotating ellipse, described in cylindrical coordinates (R, ζ, Z) by Fourier harmonics as{
R = 3.0 + 0.3 cos(θ)− 0.06 cos(θ − 2ζ) ;
Z = 0.3 sin(θ) + 0.06 sin(−2ζ) + 0.06 sin(θ − 2ζ) . (9)
Here we shall just consider the vacuum case (Bplasma = 0). Normally, this configuration can be built with helical coils
or modular coils (non-planar coils that can be independently manufactured and removed). In figure 1, a modular coil
design with 16 coils is shown. These coils are represented with five Fourier modes in each coordinate and optimized by
the coil design code FOCUS [6] with a small weight on the coil length penalty. Coil currents are fixed to be 0.625 MA
such that the total poloidally linked current Icoils is 10 MA. The residual normal field error χ2B is 6.33× 10−4T2m2.
3.1 Surface magnetization solution
As discussed above, permanent magnets cannot provide a poloidally linked current. An infinitely long wire (Icoils =
10MA) at the center of torus was used to produce the toroidal field which is proportional to 1/R. In axisymmetric
devices, like tokamaks, such a toroidal field is often generated by simple planar toroidal field (TF) coils. The winding
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Figure 1: A classical l = 2 stellarator and modular coils optimized by FOCUS. Colors on the plasma surface indicate
the magnitude of magnetic field produced by modular coils.
surface was generated by uniformly expanding the plasma surface by a distance of 0.2 m, as shown in figure 3. We
used REGCOIL to calculate the current potential with Fourier resolution ofMF = 20, NF = 20 and spatial resolution
of Nθ × Nζ = 128 × 128 (per period) for both the winding surface and the plasma surface. The regularization
parameter of the current density is set to λK = 1.0 × 10−23. The maximum current potential is about 3.2 × 104 A
and the resulting χ2B is 2.01 × 10−16T2m2. Figure 2 shows the distribution of current potential on the (θ, ζ) surface.
Afterwards, we extracted discrete magnetic dipoles following equation (6) with a resolution of Nθd ×Nζd = 128× 128
along the structured grid. The origin of each dipole locates at the intersection of the poloidal and toroidal coordinate
curves. The orientation is perpendicular to the surface and the area of each surface element is calculated as ∆Siθ,iζ =
| ∂r∂θ × ∂r∂ζ |∆θ∆ζ. We modified FOCUS to be capable of calculating the magnetic field from magnetic dipoles. The
residual normal field error from the central wire and discrete magnetic dipoles is 5.20×10−16T2m2. Field-line tracing
results show that the vacuum flux surface is almost identical to the target magnetic surface, as illustrated in figure 3.
The relative difference of the rotational transform at the last flux surface is only 0.05%.
Convergence studies were also performed for magnetic dipoles on a single surface. We obtained three current potential
distributions calculated with spatial resolution Nθ ×Nζ of 64× 64, 128× 128 and 256× 256 using REGCOIL with
the same regularization parameter λK = 1.0× 10−23. For each current potential, we discretized different numbers of
magnetic dipoles, as explained above. We also tried to discretize the dipoles by using the midpoint of the grids. The
residual normal field error χ2B was then evaluated using FOCUS in each case. As shown in figure 4, χ
2
B is generally
smaller with more dipoles. χ2B for the case ofNθ×Nζ = 64×64 converges at the order of 10−7,Nθ×Nζ = 128×128
at 10−13 and Nθ×Nζ = 256×256 at 10−16. There are two abnormal data points. When the dipoles are discretized at
the intersection of the θ, ζ coordinate (“regular grid”), as the same discretization in REGCOIL, we will recover exactly
the same precision for χ2B (∼ 10−16) as REGCOIL if the resolution of dipoles is identical to the spatial resolution used
for calculating the current potential. It is not observed when the dipoles are discretized at the midpoint of the grids
(“midpoint grid”), even if Nθd ×Nζd = Nθ ×Nζ . It indicates that the calculated current potential has a dependence on
the discretization. The calculated Fourier coefficients for current potentials are also different in the three cases. The
explanation is that we are using a least-squares minimization method to calculate the Fourier coefficients for current
5
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Figure 2: Contours of current potential solved on the
winding surface in figure 3 with λK = 1.0× 10−23. Only
one toroidal period is shown here.
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Figure 3: Poincare´ plots at the ζ = 0 plane from field-
line following in the magnetic field produced by the cen-
tral current and 128× 128 magnetic dipoles on the wind-
ing surface. Cross-sections of the plasma boundary (dash
lines) and the winding surface (solid lines) are also shown.
potentials. The higher resolution used, the more robust the solution is. If we use sufficiently high resolutions for
calculating the current potential, like Nθ ×Nζ = 256× 256 in this case, we can obtain a stable solution.
3.2 Magnetization with finite thickness
In the above calculation, the maximum current potential is 3.2 × 104 A, which is equivalent to the magnetic moment
per unit area of 2.91-cm-thick Nd-Fe-B permanent magnet. The distance from the winding surface to the plasma
boundary is 20cm. Hence, the surface magnetic moment approximation would be adequate. Of course, we can still
demonstrate the multi-layer implementation proposed in Section 2.3. Here, we chose a sequence of nested surfaces,
starting from the same winding surface we used for the single-layer calculation (∆r = 20 cm). The surfaces are
all obtained by uniformly expanding the plasma boundary while the distance between two adjacent surfaces is 2 mm.
Therefore, the maximum allowable current potential on each layer, Φm is about 2.2×103 A. Following algorithm 1, we
can incrementally get the distribution of magnetization. We used the resolution of Nθd ×Nζd = Nθ ×Nζ = 128× 128
and discretized magnetic dipoles on the regular grids for each layer. In figure 5, the residual Bn error is reducing
as the thickness increases and it converges when the total thickness is 3.0 cm, which is consistent with the surface
magnetization approximation. The overall distribution of the multi-layer magnetization at one cross-section is shown
in figure 6.
4 Magnetization for the half-Tesla NCSX configuration
The rotating elliptical stellarator is a simple model for validation. Here we can also apply this method to a practical op-
timized stellarator, NCSX [20]. NCSX was optimized to have good quasi-axisymmetry and be MHD stable. Modular
coils [21] were designed to provide the main magnetic field, while TF and PF coils are used to increase flexibility. We
chose one of the designed NCSX equilibria, C09R00, as our reference equilibrium. Some key parameters of C09R00
are Nfp = 3,R0 = 1.44 m, a = 0.32 m, Vplasma = 2.96m3, 〈B〉 = 1.57 T and 〈β〉 = 4.09%. To demonstrate that per-
manent magnets can simplify coil designs, we will only keep the planar TF coils to provide the essential toroidal field.
As the existing TF coils were not built to produce a magnetic field as high as 1.57T, we scaled the volume-averaged
magnetic field to 0.5T that the TF coils can sustain. The pressure profile and plasma currents were also scaled down
to retain the same 〈β〉, while the other parameters, like the shape and the iota profile, were not changed.
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Figure 4: Convergence with different number of magnetic
dipoles discretized from three current potentials. using
both the “regular” grids and “midpoint” grid. Magnetic
dipoles are discretized at the intersection of θ and ζ co-
ordinate for the regular grid cases and at the midpoint for
the midpoint grid cases. χ2B is calculated following equa-
tion (2) while the total magnetic field is from the central
current and discretized magnetic dipoles.
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Figure 5: Convergence with multi-layer implementation.
Figure 6: Distribution of current potentials and the magnetic moments at ζ = pi/2 plane. The arrows in different radial
layers are staked together.
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Figure 7: Contour plot of the current potential solved on
the vacuum vessel for the half-Tesla NCSX C09R00 con-
figuration. The regularization parameter λ is 1.46×10−17
selected at the corner of the ”L” curve.
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Figure 8: Plasma boundaries of free-boundary VMEC cal-
culations with the magnetic field produced by the original
modular coils (dash lines) and by the TF coils together
with permanent magnets (solid lines), respectively. The
two symmetry cross-sections, ζ = 0 (bean-shaped, red
lines) and ζ = pi/3 (bullet-shaped, blue lines), are shown.
The actual NCSX vacuum vessel was used as the winding surface and the toroidal field was generated by 18 TF
coils that have been built. Figure 7 shows the required current potential on the winding surface to cancel off the
residual magnetic field produced by the TF coils and non-zero plasma currents. This is calculated by using REGCOIL
regularized with the current density and the residual field error χ2B is 1.49×10−5T2m2 at the corner of the “L” curve.
The maximum value of the current potential is about 1.86 × 105 A, which is equivalent to the magnetic moment per
unit area of 17-cm-thick Nd-Fe-B magnets. The minimum distance from the vacuum vessel to the plasma boundary is
even smaller than the required thickness of magnets at some locations. Hence, the surface moment approximation is
not sufficient and it is necessary to carry out a finite-thickness calculation following algorithm 1.
The vacuum vessel was used as the starting surface (S1) and other surfaces were generated by uniformly expanding
around the vacuum vessel surface. The distance between two adjacent surfaces was scanned over 1 mm, 2 mm, 4 mm,
6 mm, 8 mm and 1 cm. Scan results show that a radial resolution of 1 cm is adequate. The last surface (S20) was
chosen to be 20 cm away from the vacuum vessel because the concave region at the bean-shaped cross-section began
to overlap when the surface was expanded further than 20 cm along the surface normal vector. The residual normal
field to be canceled off, the solved surface current potential, and the truncated magnetization at each iteration are
shown in figure 9. The required current potential becomes less when more layers are stacked. On the last layer, S20,
the required current potential is centralized at the inboard side and it is actually not converged. The new design using
only planar TF coils and finite-thickness permanent magnets is illustrated in figure 10. The resolution of the magnetic
dipoles is Nrd ×Nθd ×Nζd = 20× 128× 128 and all the dipoles are orientated perpendicularly to the surface that they
are lying on. The magnetic moment of each dipole is calculated as the product of current potential and the element
area by the following equation (6). The surface magnetization is truncated with a maximum value of 1.1 × 104 A/M
to approximate 1-cm-thick Nd-Fe-B magnets.
With such 20-cm-thick permanent magnets, the residual field error χ2B is 9.02 × 10−5T2m2 ( average |B · n|/|B|
5.23 × 10−3). It is slightly higher than the one calculated by a single layer of current potential, since we stopped at
20 cm and the field error is not converged. However, the free-boundary VMEC [22] calculations, shown in figure 8,
are close to the ones from the original modular coils. The average relative difference in rotational transform profiles is
1.79%. From the perspective of the magnetic field, the accuracy is acceptable.
The total magnetic moment used here is equal to an Nd-Fe-B magnet of 3.6 m3. The cost of purchasing such amount
of magnet materials would be at the order of million U.S. dollars, which is remarkably attractive. Other costs, like
8
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Figure 9: Demonstration of the multi-layer implementation for NCSX. The innermost layer, S1, is the vacuum vessel
and nested surfaces with a distance of 1 cm, S2 · · ·S20 are used. The residual normal field to be canceled off (left), the
solved surface current potential (middle), and the truncated magnetization (right) are shown for S1 (the first row), S2
(the second row) and S20 (the third row).
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Figure 10: The half-Tesla NCSX configuration with planar TF coils and the permanent magnets. Only half of the torus
is shown. The C09R00 plasma boundary is shown in orange. Colors in the computation domain indicate the magnitude
of the magnetization of the discretized permanent magnet elements and positive values mean pointing inwards. The
grey regions have negligible magnetization and can be omitted.
the supporting structure and assembling cost, might be more expensive than the material. Nevertheless, thorough cost
comparisons should be performed when a real permanent magnet stellarator is going to be built.
5 Discussion and Conclusions
In this paper, we introduce a multi-layer method to design perpendicular permanent magnets for stellarators. The
surface current potential is proven to be equivalent to the dipole moment per unit area. With the layer-by-layer
incremental calculation, we can design permanent magnets with finite thickness to ensure the maximum magnetization
is achievable with present materials. Numerical validation on the rotating elliptical stellarator demonstrates that the
permanent magnets (together with a toroidal field) can provide a precise magnetic field for confining plasmas. The
multi-layer method is then applied to design permanent magnets for the QA stellarator NCSX. The new design using
only planar TF coils and permanent magnets shows that by using permanent magnets it is possible to build optimized
stellarators with extremely simple coils. Besides the potential cost reduction, using permanent magnets could likely
provide huge access on the outboard side. As shown in figure 10, for NCSX, most of the permanent magnets are
locating at the inboard side, while only one or two layers are needed on the outboard side.
The method uses the surface current potential which could be linearly solved by using NESCOIL or REGCOIL. There-
fore, it is fast and robust. The multi-layer solution could be a relatively good initial guess for nonlinear optimization
codes. This is not trivial as local optimization methods are more commonly used in stellarator optimizations than
global minimization algorithms for the consideration of speed. The nonlinear optimization code to design permanent
magnets is expected to be easily trapped into local minima due to the extremely high dimensionality. Since the mag-
netic field produced by the surface magnetization is essentially identical to the one generated by the surface current,
this approach can be applied to equilibrium reconstruction without designing modular coils [23].
The multi-layer method is not an overall optimization, as the magnetization on inner layers will not be affected by
outer ones. This is why reversed magnetization appears at the inboard side of the bullet-shaped cross-section in figure
10, which could be eliminated using overall optimization methods. Only the magnets that are perpendicular to the
winding surface are used in this paper. By doing this, it might be easier for future engineering designs. We can replace
nearby dipoles that have the same orientation with larger pieces of magnets. To avoid ports and other engineering
features, it is possible to target stay-away zones in the optimization by adding a regularization with nonuniform spatial
weights on the current potential.
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There are also challenges for using permanent magnets in stellarators. For example, the limitation on the field strength
is constrained by the remanent field of the material, which is usually less than 2 T. This is not enough for future fusion
reactors. It will be even more challenging considering the fact that the magnets have to be placed outside the vacuum
vessel which will be at least 1 meter away from the plasma. The feasibility of permanent magnets for reactor-size
fusion experiments with similar neutron flux needs further investigations. However, we don’t have to use permanent
magnets to produce all the rotational transform, although in the above configurations external coils only produce the
toroidal field. For possible future experiments with permanent magnets, we would envision that permanent magnets
will be used to generate a certain percentage of rotational transform until the coil complexity is tolerable. The other
fact that the half-Tesla NCSX requires 20-cm-thick magnets needs further discussions. First of all, as we stated,
relying on permanent magnets to generate the entire rotational transform, which is the case for NCSX, is not the best
solution. Second, only perpendicular magnets have been considered. Relaxing the orientation would give us more
freedom to find different solutions, especially it can reduce the total volume of required magnets. Exploration on
using non-perpendicular magnets will be addressed in future work. Third, the NCSX configuration was optimized to
use modular coils, not permanent magnets. Actually, the difference of required magnets between the rotating ellipse
and NCSX is distinct. The rotating ellipse has a higher field (Baxis = 0.67 T) but requires much fewer magnets
(∼ 3 cm thick). The linear method proposed in this paper can be used as a proxy in stellarator optimization codes,
like STELLOPT [24] and ROSE [25], to help find new configurations that require simple coils and light permanent
magnets. Some important engineering considerations, like magnetic forces, supporting structures, assembly tolerance,
nonlinear magnetic permeability, etc., should be evaluated at the stage of engineering design when a real experiment
is going to be built.
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Appendices
A Details to obtain equation (5)
Substituting equation (1) into equation (4), we have
AK =
µ0
4pi
¨
∂C
n×∇Φ
r
dS
=
µ0
4pi
¨
∂C
[
Φ∇×
(n
r
)
−∇×
(
Φn
r
)]
dS
=
µ0
4pi
¨
∂C
[
Φ∇1
r
× n+ Φ
r
∇× n−∇×
(
Φn
r
)]
dS
=
µ0
4pi
¨
∂C
[
−Φ r
r3
× n−∇
(
Φ
r
)
× n
]
dS
=
µ0
4pi
¨
∂C
Φn× r
r3
dS +
µ0
4pi
¨
∂C
n×∇
(
Φ
r
)
dS
=
µ0
4pi
¨
∂C
Φn× r
r3
dS +
µ0
4pi
˚
C
[
∇×∇
(
Φ
r
)]
dV
=
µ0
4pi
¨
∂C
Φn× r
r3
dS . (A.1)
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B Regularization over the current potential
New regularization term over the integral of current potential squared,
χ2Φ =
ˆ
S
dS Φ2 , (B.1)
is implemented in REGCOIL. The total current potential is expressed as,
Φ =
ˆ
S
dS
∑
j
Φjpj +
G
2pi
ζ +
I
2pi
θ
2 , (B.2)
where pj is the basis function,
pj =
(
sin
cos
)
j
(mjθ − njζ) . (B.3)
To solve ∂χ2Φ/∂Φj = 0, we could obtain similar linear equation as in REGCOIL original paper [4], and the matrices
are
AΦj,k = ∆θ∆ζ
∑
it
∑
iζ
(Npjpk) (B.4)
bΦj = −∆θ∆ζ
∑
it
∑
iζ
[
Npj
(
G
2pi
ζ +
I
2pi
θ
)]
(B.5)
The original regularization term, current density, is penalizing the solution with the gradient of Φ. It also has a
influence on the magnitude of Φ and likely provides a smoother solution than using the current potential regularization
itself. Figure 11 shows the χ2Φ -χ
2
B curves when we scanned the regularization parameter λ using the regularization
over the current density or the current potential. The two curves are almost identical and prove that the current density
regularization can also regularize the current potential. When we use the new regularization term over the current
potential, we tend to get solutions with more localized peaks. As shown in figure 12, we selected one solution from
the scanned results using the current potential regularization. It has a close value of χ2B (1.50×10−5T2m2) compared
to the one in figure 7 (χ2B = 1.49× 10−5T2m2), but the maximum current potential is significantly higher and more
localized.
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